Abstract. The problem of recovering density-normalized elastic moduli of a transversely isotropic anisotropic medium from data consisting of qP or qSV phase velocities measured in multiple directions is addressed. Previous studies have used linear fitting methods with approximate forms of the dispersion relation. Here, it is shown that with algebraic manipulation, and a prior estimate of the squared shear velocity along the symmetry axis (A55), it is possible to use simple linear methods with an exact alternative form of the anisotropic dispersion relation. The method is demonstrated with an application to data from a walkaway vertical seismic profile (VSP) experiment and then used as a tool to address several questions raised by that experiment. It is shown that given data with realistically achievable accuracy, the prior estimate of A 55 cannot be improved by optimizing the fit to qP data. It is shown that a near perfect fit by a transversely isotropic medium with a vertical symmetry axis (TIV) model to qP data collected in a single vertical plane does not rule out azimuthal anisotropy. Finally, it is shown that a variation of the method, combined with an algorithm suggested by Hood and Schoenberg, suggests a practical way to determine from walkaway VSP data, all the parameters of an orthorhombic medium formed by adding vertical fractures to a transversely isotropic medium.
Introduction
Sedimentary rocks, particularly shales, form principally by the vertical action of gravity and hence are likely to have a fabric that is transversely isotropic, i.e., invariant under rotation around a vertical axis of symmetry. Vertical fractures or the effect of anisotropic horizontal stresses on microcracks can give rise to a medium with lower symmetry, such as an orthorhombic medium (invariant under reflection with respect to each of three mutually orthogonal planes of mirror symmetry). Elastic wave propagation in such media may be expected to show velocity anisotropy, with a phase slowness function that is determined by density, together with an appropriate set of elastic moduli. When analyzing lab data [e.g., Jones and Wang, 1981; Gibson and Toksoz, 1990] or field data [e.g., White et al., 1983 ' Gaiser, 1990 this issue], researchers may need to find a model to fit a set of phase slowness measurements.
In condensed (Voigt) notation, a homogeneous transversely isotropic medium with a vertical symmetry axis (a "TIV medium") has five independent elastic moduli, c•, c13 , c33 , c55 , c66. The density-normalized moduli, A vcij/P, have dimensions of squared velocity and, for a homogeneous TIV medium, they are related to elastic propagation as follows. We label the axes interchangeably as 1, 2, 3 or as x, y, z, and we take the z axis as the axis of rotational symmetry. Any plane harmonic wave propagating in the medium, say with phase slowness vector (Sx, Sz) lying in 
[cf. Musgrave, 1970 , equations (8.1.7) and (8.1.10b)].
For a given set of moduli A i j, equations (1) and (2) implicitly determine X and Z as a function of wave type and propagation direction. We are interested in the inverse problem of determining A ij to best fit a set of measured 
X=(S 2' i= 1 n) Use brute force nonlinear methods [e.g., Gibson and Toksoz, 1990 ]. This typically involves making an initial estimate for the moduli, and iteratively calculating (numerically of analytically) Frechet derivatives D relating change in the measured quantities to changes in the moduli, and revising the estimate by solving a linear system of the form d -do = DAm, where d are the measured phase slowness points, do are the phase slowness points generated by the current estimate using (1) and (2), and Am are the estimated corrections to the moduli. Hsu and $choenberg [1993] used a hybrid of methods 1 and 2, solving directly for the A ii from axial measurements and then using an iterative method to find A 13 from multiple off-axis qP measurements of group velocity.
Method 3
Use an approximate form of equation (2) [e.g., White et al., 1983; Gaiser, 1990] . Assuming that the true model is approximately isotropic, one can obtain approximations to (2) that are linear in parameters that can be related to the moduli. Using linear methods to fit the data with an approximate slowness curve and extracting moduli from the parameters of that curve, one can perform exact forward modeling based on (2) and argue a posteriori that the answer is accurate. This approach can be realized as a special case of method 2 where the initial estimate is isotropic, the Frechet derivatives are calculated analytically, and there is no iteration [cf. Chapman and Pratt, 1992] .
In the next section, we show that with algebraic manipulation it is possible to use simple linear methods with an exact alternative form of (2). Given a prior estimate for A 55, we show that A 1 l, A 13, and A 33 can be determined together, directly from the solution to an appropriate linear system. This method does not require axial qP measurements or assumptions about weak anisotropy. It retains the robustness of linear methods without sacrificing accuracy.
The method described here was used by Miller et al.
[this issue] to invert qP phase slowness points obtained from walkaway vertical seismic profile (VSP) data by a modified version of the an experimental method described by Gaiser [1990] . Carried out in a horizontally stratified offshore environment, the experiment yielded an estimate for A55, together with a set of roughly 200 measurements of qP phase slowness at wide range of inclination angles. The analysis raised several questions which we address in later sections of the present paper. We show that given data with realistically achievable accuracy, the prior estimate of A55 cannot be improved by optimizing the fit to qP data. We show that a near perfect fit by a TIV model to qP data collected in a single vertical plane does not rule out azimuthal anisotropy. Finally, we show that our method, combined with an algorithm suggested by Hood and $choenberg [1989] , suggests a practical way to determine from walkaway VSP data, all the parameters of an orthorhombic medium formed by adding vertical fractures to a TIV medium.
The TI Trick
The qP-qSV dispersion relation (2) It is ditficult to imagine an experiment on a real rock core or subsurface medium that could reduce experimental uncertainty to the level shown in Figure 4 without providing an independent estimate of A 55. It is interesting to note that the triplication in the qS surface occurs at all values of Ass shown. Thus, while accurate qP measurements do not pin down the value of A 55, they can provide a confident qualitative assertion about qSV triplication. The point of interest here is that while the exact shape of the qSV surface cannot be known without knowing A 55, large anellipticity in the qP surface implies large anellipticity in the qSV surface, which in turn implies triplication. Dellinger [1990] derived an algebraic condition for triplication. See also Tsvankin and Thomsen [1992, equation (6)]. It may also be observed that for some applications, all that is required is an accurate representation of the qP surface. In such situations, it would still seem desirable to fit qP data using an exact equivalent of (2), rather than an approximate one. respectively. Below, we refer to these as "model 2" and "model 3." Figure 3a shows the qP phase slowness functions for these two media as curves superimposed on the input points created from model 1. RMS variation in the qP phase slowness points between models 2 and 3 is less than 0.1%. At each azimuth a TI medium has been fit to the points, and its phase slowness curve has been superimposed.
Fractured

TIV Medium
The TI trick may be used to determine elastic moduli in a fractured TIV medium. Hood and Schoenberg [1989] observed that for a fractured TIV medium (in fact, for any orthorhombic medium) the dispersion relation for phase points lying in any of the symmetry planes has the same algebraic form as (2). (In the x-z plane, (2) holds as stated. In the x-y plane, change A 13 to A 12 and A55 to A66; In the y-z plane, change A•3 to A23 and A55 to A44.) They suggested that this observation could be exploited to determine the full set of moduli from TI methods applied to data from the symmetry planes. As we now describe it, a modified version of their algorithm can be combined with the TI trick to make a practical scheme for use with walkaway VSP data collected in appropriate azimuthal planes. If the symmetry directions are known in advance, a sufficient data set would involve experiments in the two vertical symmetry planes plus a third at an intermediate azimuth. The following sequence of steps illustrates the algorithm using the example from Figure 5 .
Step 1 Step 2 Use the TI trick to invert the qP data in the x-z plane for {All, A13, A33, A55) and in the y-z plane for {A22, A23, A33, A44). These are the models that define curves A and B, respectively, in Figure 5 . In our case they are {6.300, 2.250, 5.411, 0.800) and {6.871, 2.393, 5.411, 1.000), respectively.
Step 3 Solve for A 12 using equation (9). Equation ( The method was demonstrated with an application to data from a walkaway VSP experiment and then was used as a tool to address several questions raised by that experiment. It was shown that given data with realistically achievable accuracy, the prior estimate of A55 cannot be improved by optimizing the fit to qP data. Furthermore, a near perfect fit by a TIV model to qP data collected in a single vertical plane does not rule out azimuthal anisotropy. Finally, a variation of the method, combined with an algorithm suggested by Hood and Schoenberg [1989] , suggests a practical way to determine from walkaway VSP data, all the parameters of an orthorhombic medium formed by adding vertical fractures to a transversely isotropic medium.
